cs309

Q
o
c
=
O
)
S
(]
2
S
o
S
o
O

Chapter 2:
Boolean Algebra and
Logic Gates

The University Of Alabama in Huntsville
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8 Boolean Algebra
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Q
‘5’ The algebraic system usually used to work with binary logic expressions
Q
S
o
O Postulates:
1. Closure: Any defined operation on (0, 1) gives (0,1)
2. ldentity: 0+x=x; 1:-x=x
3. Commutative: X+y=y+Xx; Xy = yX
4. Distributive: X (y +2z) =Xy + Xz; X+ (yz) = (X +y)(X + 2)
5. Def of Complement: X+Xx =1; xx' =0

6. Atleast 2 elements (0 and 1)

Precedence rule: (1) parentheses
(2) NOT
(3) AND
(4) OR
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& The Duality Principle
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‘é_ “A Boolean expression that is always true is still true if we exchange OR with AND and 0 with 1”
=
o
(@)
Examples:
X+x =1 so: xxX'=0
X+y=y+X SO: Xy = yX

Note that we cannot use Duality to say that

x+y=1,s0 xy=0 Why not?

The University Of Alabama in Huntsville
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Theorem 4 (associative)

Postulate 4 (distributive)

Theorem 5 (deMorgan’s Law)

Theorem 6 (absorption)
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X+(y+2z)=(x+y)=2z

X(y +2) = xy + xz

(x+y)=xy

X+ Xy =X

[}

8 Useful Postulates and Theorems
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Q

5 @ (b)

o

S

O Postulate 2 X+0=x x-1=x

O
Postulate 5 X+x =1 xx'=0
Theorem 1 X+ X=X XX =X
Theorem 2 x+1=1 x-0=0
Theorem 3 (involution) (xX) =x
Postulate 3 (commutative) X+y=y+x Xy =yx

X(yz) = (xy)z

X+yz=(X+Yy)(x+2z)

xy)y=x+y

X (X +y)=x




XX = X by duality

Proving the Theorems
(5}

‘S

2 cs309
‘é_ Example:

S

&l Theorem1: Xx+X=x, XX=X

L)

= Proof:

é X+x =(x+x) 1 postulate  2(b)
c

>

= = (x +X)(x +X) 5(a)
o I

£ =X+ XX 4(b)
Q

@

= =x+0 5(b)
6

é\ =X 2(a)
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we know that
(x+y) =xy
for all values of x and y.

W .
8 Proving by Truth Table
(5]
'S
o cs309
Q
] Two Boolean expressions are equal in all cases if and only if they have the same Truth Table.
% (You may use this to prove the expressions are equal unless | say otherwise).
38
Example:
g Prove deMorgan’s Law: (x +y) =Xy’
Z
£ Xy | (x+y) (x+yy Xy Xy
I
= 00 0 1 11 1
[
=
E 0 1 1 0 1 0 o0
i
<
5 1 0 1 0 0 1 0
>
=
@ 11 1 0 o 0 o0 The Truth Table of (x +y)’
E \ \ is equal to
5 the Truth Table of X'y’, so
@
c
'_
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Boolean functions and circuit equivalents
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Implementing a Boolean expression as a circuit

cs309

Fl=x+yz

4

X

) "
yZ

s X

mpp it
z y’z
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Simplifying expressions

cs309

*  There are many different ways to write the same expression
— Example: X'y'z' + X'yz + xy’ = xy’ + X'z

« Different forms of the expression will require different numbers of gates to implement
— Proof? See page 45 in text

*  Generally, longer expressions with more terms require more gates and/or more complex
gates
— More gates > higher power, higher cost, larger size, ...

* Sofinding a way to simplify expressions will pay off in terms of the circuits we design

G. W. Cox — Spring 2010
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A metric for use in simplifying expressions

cs309

« Define a “literal” as each occurrence of a variable in the expression
— Example: F2=xy'z + X'yz + xy’ - 8 literals

* If we can write the expression with fewer literal, we will consider it to be simpler (and to
take fewer gates).

*  Note that this is a rule of thumb and does not always give an optimum answer

G. W. Cox — Spring 2010




Simplifying expressions using the postulates and

[}
o
c
k5 theorems of Boolean Algebra
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E— From page 46-47 of text
8 1. X(X'+y) (3 literals)
=xx' + Xy pda
Y =0+xy p5b
E =Xy p2a (2 literals)
%)
€ 2. x+Xy =Xty The dual of (1)
=
E 3 XHYX+Y) (4 lterals)
- =X+yy p4b
@ =x+0 p5b
% =X p2a (1 literal)
o
o 4, xy+Xz+yz (6 literals)
E =xy +x'z+yz(1) p2b
O =Xy + X'z +yz(x +X) p5a
> =Xy + X'Z +yzx + yzx' pda
-':7'; =Xy + X'z + Xyz + X'zy p3b twice The
5 =Xy +Xyz + X'z + X'zy p3a twice Consensus
> =xyl + xyz + X'z1 + X'zy p2b twice Theorem
c =xy(l+2z)+xz(1+Yy) pda twice
=) =xyl +xz1 T2a twice
é =Xy + Xz p2a twice (4 literals)
5. (x+y)(x+2)(y+2) = (x+y)(X'+2) The dual of (4)
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Complementing a function
4 cs309
g deMorgan’s Law says: (x+y) =Xy
8 Totake (A+B+C)
Let y=B+C
Then (A+B+C)=(A+y)=Ay =A(B+C)=ABC
In general:
(A+B+C+D+...)) =AB'C'D'... ; (ABCD...) = A+B+C'+D'...

A more complex function:

F =Xyz' +Xy'z
F = (Xyz' +Xy'z)
= (Xyz) (xy’2)
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S(x+y +Z)(x+y+2)
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A shortcut for complementing a function
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To complement a function, you can take the dual of the function, and complement each literal.
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For the previous example:

F =Xyz' +Xy'z
dualof F =(X'+y+Z)(X +Yy +2)

so F S(X+y +2)(x+y+2)

The University Of Alabama in Huntsville
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Computer Science

Standard forms of Boolean Expressions
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Definitions
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e Product term a term consisting of literals ANDed together
» Example: AB'F
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¢ Minterm a Product term in which all variables appear
» Example: ABC'D where A,B,C, and D are the variables of the function

e Sumterm a term consisting of literals ORed together
» Example: A+B +F

e Maxterm a Sum term in which all variables appear

» Example: A+ B + C + D where A, B, C, and D are the variables of the
function

The University Of Alabama in Huntsville

G. W. Cox — Spring 2010

SOP and Canonical SOP Form

cs309

e Afunction is in Sum of Products (SOP) form if it is written as product terms ORed together

Computer Science

— Example: fxyz)=xyz+xz+y

« A function is in Canonical SOP form if it is in SOP form and all terms are minterms

— Example: g(xyz)=xy'z+Xyz +xyz
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POS and Canonical POS form
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* Afunction is in Product of Sums (POS) form if it is written as sum terms ANDed together
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— Example:  f(xyz)=(x+y+2z)(x+2)(y)

* Afunction is in Canonical POS form if it is written in POS form and all terms are Maxterms

—  Example: gXyz)=(X +y +2Z)(x+y+2)

‘The University Of Alabama in Huntsville

G. W. Cox — Spring 2010

W .
8 Minterms and the Truth Table

(8]
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é Each row of a Truth Table corresponds

= to a minterm

o

O

© Xy z|f(xyz) minterm

g 000 0 m, Xy?z

g o XY

S 001 1 m Xyz The 1’s of the Truth Table

E 010 O m, xy?Zz show the minterms that are

= 011 O m, xXyz in the Canonical SOP expression
% 100 1 m, xyz

2 101 1 m xyz

= 110/ 0 my xyz

) 111 1 m, xXyz

> |

=

2 fxyz)=xXyz+xyzZ +xy'z+xyz

2

5 Minterm List Form: f(xy z) = *m(1, 4, 5, 7)

<

'_
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Examples
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xXyz f(xyz) ABCD g(ABCD)
000 0 0000 0
001 1 0001 1
010 0 0010 0
011 0 0011 0
100 1 0100 0
101 0 0101 0
110 0 0110 0
111 1 0111 0
1000 0
f(xy z) =XYy'z+Xy'z +Xxyz iggé 2
1011 0
=3¥m(1,4,7) 1100 o
1101 1
1110 0
1111 0
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g(ABCD)=ABCD+ABCD + ABC'D

=3 m(1, 10, 13)

Computer Science
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Maxterms and the Truth Table

Each row of a Truth Table corresponds

cs309

Note the differences from the
way minterms are complemented

to a maxterm
Xy z |f(xyz) Maxterm
000| O My, X +y +z
001 1 M, x +y +7
010] 1 M, X +y+z
011 0 M, x+y+27
100 1 M, X+y +z
101 1 My X+y +7
110 0 Mg X+y +2z
111 1 M, X+y+Z7

G. W. Cox — Spring 2010

Maxterm List Form:

The 0’s of the Truth Table
show the maxterms that are
in the Canonical POS expression

f(xy 2) = (x+y+2)(x+y'+2)(X +y'+Z’)
f(x y z) = TIM(0,3,6)

10
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Example
cs309

Xy z f(xyz)
000 0
001 1
010 0 f(Xy 2) = (X+Y+Z)(X+Y'+Z)(X+Y+Z) (X +y+2')(X'+Y'+2)
011 0
100 1 =TIM(0, 2, 3, 5, 6)
101 0
110 0
111 1

Note that the Minterm List and Maxterm List taken together include the number of every row
of the Truth Table. That means that if you determine either one of the lists, you can determine
the other one by simply writing the row numbers that are not in the first one.

Examples:
If F(ABC) = m(0-3), then F(ABC) = TIM(4-7)

if G(wxyz) = I[IM(0,12,15), then G(wxyz) = Em(1-11, 13, 14)

G. W. Cox — Spring 2010
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Basic Combinational Circuit Designs
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SOP to “AND-OR”

cs309

An SOP expression can be directly implemented in a two-level combinational circuit with
an AND gate for each product term and an OR gate to combine the terms

Example:

f(xyz) = x + X'y + X'y'z

x

fixyz)

N X < X

G. W. Cox — Spring 2010
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POS to “OR-AND”

cs309

A POS expression can be directly implemented in a two-level combinational circuit with an
OR gate for each sum term and an AND gate to combine the terms

Example:
f(wxyz) = Z'(x+y)(w+2)

f(wxyz)

N S < X

G. W. Cox — Spring 2010
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Circuits for mixed-form expressions

cs309

Combinational circuits for mixed-form expressions may have more than two levels

Example:

f(ABCDE) = AB + C(D + E)

A

5 D—‘

C —

o~y )L e
E

G. W. Cox — Spring 2010
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Other common gate types

cs309

NAND NOR

X

x NOR y

X NAND y

PP O O|IX
P ORr oK
oORrRPR
P P OOX
P O R OoOK
[eNeoNaN

Exclusive-OR (XOR)

y = x@y

X XOR y

PP OOIX
P OPrR oK
OoOrFrO

G. W. Cox — Spring 2010
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You can use NAND and NOR to do anything you can
do with AND, OR, and NOT

cs309

X@ (xx)'=x' meT X @ (x+x)' =x'

X

" AND

y :DED () =xy )
anips

=Xy

X OR
h y (Ox+y)) = x+y
a=ipY

G. W. Cox — Spring 2010
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SOP to NAND (1)

cs309

We already determined that we can go directly from SOP form to an AND-OR implementation

f(xyz) =x + Xy + Xy'z

f(xyz)

N X < X

We can substitute the NAND equivalents for the AND and OR gates
X

< X

f(xyz)

G. W. Cox — Spring 2010
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SOP to NAND (2)

cs309

The circled gates are just 2 inverters in series — they do nothing

) 0

. f(xyz)

N<X

So leave them out

) D

© i‘} f(xyz)
= -

G. W. Cox — Spring 2010
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SOP to NAND (3)

cs309

X! f‘} f(xyz)
= >

Check: Is this still the original f(xyz)?

The circuit produces:
(O (XYZ)) =X+ (xy)" + (Ky'2)" = X+ XY + Xy'z

G. W. Cox — Spring 2010
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SOP to NAND (4)

We can use NAND gates to directly implement any SOP expression:
One NAND for each Product term
One NAND to sum the terms

Invert any single inputs

Why do we do this?
The NAND integrated circuit design is very simple.

We can use this one simple gate type for any expression.

G. W. Cox — Spring 2010

cs309

Computer Science

2
>
0
=
=
3
Bl
£
@
=
{59}
Q
E
<
Y=
)
>
=
1)
<
@D
2
c
=)
@)
=
=

SOP to NAND (5)

Example: f(A,B,C,D) =A'B + AC + ABD’

A

g w>
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Cascading 2-input NANDs to implement
larger NAND functions

Think of a multiple-input NAND as an AND followed by an INVERTER
X X
Xyz)' xyz)'

We can easily build a multiple-input AND out of 2-input ANDs

X X
z

And we know how to build a 2-input AND from 2-input NANDs

T S T ren

Substituting
X
y What happened to the
2 x (yz)") = (xyz)’ Inverters at the output?

G. W. Cox — Spring 2010
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